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Abstract

In this article, with the help of three axioms (Definition 3.1), the notion of abstract morphisms is
introduced (see [1,2]). It will be proven that Hausdorff topological spaces together with abstract
morphisms create a category on which the functor of Cech homology is extended.
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1 Introduction

In 1976, L. Gorniewicz (see [3,4]) introduced the notion of strongly admissible multi-valued mappings
and proved that the composition of strongly admissible mappings is also a strongly admissible mapping.
In 1983 it was L. Gorniewicz (see [1]) as well that introduced the notion of a morphism, i.e. some other
version of strongly admissible mappings. Morphisms, as opposed to strongly-admissible mappings,
together with Hausdorff topological spaces create a category on which a functor of Cech homology is
extended. In 1994, W. Kryszewski (see [2]) introduced the notion of a morphism essentially different
from the morphism in the sense of Gorniewicz in regard to some important applications of their
properties. In this article, with the help of three axioms, the notion of an abstract morphism was
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introduced. This notion does not only encompass already existing morphisms, but also all the other
morphisms that could be created on the basis of these axioms. The examples of other essentially
different morphisms were given. The fixed point theorem was proven for the abstract morphisms. In
terms of fixed point theory, we recommend the following publications: [4,3] as well as [5,6,7].

2 Preliminaries

Let X and Y be Hausdorff topological spaces. Assume that for every x € X a non-empty and
compact subset p(x) of Y is given. In such a case we say that ¢ : X — Y is a multi-valued mapping.
For a multi-valued mapping ¢ : X — Y and a subset A C Y, we let:

0 '(A) = {z € X; p(z) C A}.

If for every open U C Y the set ¢~ (U) is open, then ¢ is called an upper semi-continuous mapping;
we shall write that ¢ is u.s.c. Let H, be the Cech homology functor with compact carriers and
coefficients in the field of rational numbers Q from the category of Hausdorff topological spaces and
continuous maps to the category of graded vector spaces and linear maps of degree zero. Thus,
for any pair (X, A), we have H.(X,A) = {H,(X, A)},>0, a graded vector space and, for any map
f:(X,A) — (Y, B), we have the induced linear map f. = {fiq}q>0 : H«(X, A) — H.(Y, B), where
frq + He(X, A) — Hy(Y, B) is a linear map from the g-dimensional homology H,(X, A) of the pair
(X, A) into the g-dimensional homology H,(Y, B) of the pair (Y,B). If A = 0 then H.(X,A) =
H.(X). A space X is acyclic if:

(i) X is non-empty,
(i) Hq(X)=0foreveryqg>1and
(i) Ho(X) = Q.

A continuous and closed mapping f : X — Y is called proper if for every compact set K C Y the
set f~(K) is nonempty and compact. A proper map p : X — Y is called Vietoris provided for every
y € Y the set p~'(y) is acyclic.

Let v : E — E be an endomorphism of an arbitrary vector space. Let us put N(u) = {z € E :
u"(z) =0 for some n}, where u™ is the nth iterate of u and E = E/N(u). Since u(N(u)) C N(u),
we have the induced endomorphism @ : E — E defined by @([z]) = [u(z)]. We call u admissible
provided dimE < co.

Letu = {uq} : E — E be an endomorphism of degree zero of a graded vector space £ = {E,}. We
call u a Leray endomorphism if

(i) all uq are admissible,

(i) almost all qu are trivial. For such u, we define the (generalized) Lefschetz number A(u) of u
by putting

A(u) =D (=1)"tr (i),
q

where tr(uq) is the ordinary trace of ug (comp. [4]). The following important property of the Leray
endomorphism is a consequence of the well-known a formula ¢r(u o v) = tr(v o u) for the ordinary
trace.
Proposition 2.1. (see ([4])) Assume that, in the category of graded vector spaces, the following
diagram commutes
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El E//
u/ x u/l
E/ u E//

Then, if ' or u” is a Leray endomorphism, so is the other; and, in that case,

A’ = Au").

An endomorphism u : E — FE of a graded vector space F is called weakly nilpotent if for every ¢ > 0
and for every z € E,, there exists an integer n such that u; (x) = 0. Since, for a weakly nilpotent
endomorphism v : E — E, we have N(u) = E, we get:

Proposition 2.2. (see ([4])) If u : E — F is a weakly-nilpotent endomorphism, then A(u) = 0.

The symbol D(X,Y") will denote the set of all diagrams of the form

X2 z 2 4,
where p : Z — X denotes a Vietoris map and ¢ : Z — Y denotes a continuous map. Each such
diagram will be denoted by (p, q).
Definition 2.3. (see [4]) Let (p1,41) € D(X,Y) and (p2,q92) € D(Y,T). The composition of the
diagrams
X P1 Zl q1 Y P2 Z2 q2 T
is called the diagram (p, ¢) € D(X,T)

X 2 7 Ngypy Zo —2— T,
where Z1 A(HPQ Zoy = {(2’1,22) € 71X o ql(2’1) :pg(ZQ)},
p=piofi, ¢g=gqo fa
ARR L Z1 Aquaz Za f2_> Z3,
f1(z1, 22) = 21 (Vietoris map), f2(z1,22) = 22 foreach (z1,22) € Z.
It shall be written
(p,q) = (P2, g2) © (p1,q1).

From the Theorems ((40.5), (40.6)) ([4], p. 201, 202) it also results that in Definition 2.3 the composition
of the diagrams satisfies the condition:

foreach z € X q(p™' () = g2(p> ' (a1 (p1 ' (2))))- (2.1)
Let Id : X — X be an identity map.
Definition 2.4. [2] Let (p1,q1), (p2,42) € D(X,Y).

(p1,q1) ~k (p2,q2) (in the sense of Kryszewski)

if and only if there exist spaces Z1, Z> and a homeomorphism h : Z; — Z> such that the following
diagram:

P1 q1
A

oo b s

X P2 A 92 %
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is commutative, that is
p2oh=p1, gaoh=q.
Definition 2.5. [4,1] Let (p1, 1), (p2, ¢2) € D(X,Y).
(p1,q1) ~q (p2,q2) (in the sense of Gérniewicz)

if and only if there exist spaces Z1, Z> and the continuous mapping g : Z1 — Z», h : Z2 — Z; such
that the following diagrams:

X P1 Z1 a1 Y X P1 Z1 g1
lld Jrg lId TId Th TId
X P2 Zz a2 }/7 X P2 Zz a2 }/7

are commutative, that is

p20g=p1, G20g=q1 and proh=ps2, quoh=q.

Theorem 2.6. [2,4,1] The relations introduced in Definitions 2.4 and 2.5 are equivalency relations in
the set D(X,Y).

Recall that if p : X — Y is a Vietoris map then p. : H.(X) — H.(Y) is an isomorphism. Let
(p,q) € D(X,Y). We have the following diagram:

H.(X) +2— H.(Z) —— H.(Y). (2.2)

Theorem 2.7. [2,4,1] Let (p1,q1), (p2,¢q2) € D(X,Y). The relations introduced in Definitions 2.4 and
2.5 satisfy the following conditions:
2.71foreachz € X

(((p1, @1) ~k (p2,q2)) OF ((p1,q1) ~g (P2,42))) = (@1 (1 ' (2)) = q2(p3 ' (2))),

2.7.2 (((pr, q1) ~k (p2,q2)) O ((p1,q1) ~g (P2,42))) = (1« ©P1.' = qaw 0 p3.}),
2.7.3 Let (pg,q:;), (p4,(]4) € D(Y, T) Then

((p1,q1) ~k (P2,q2) T (p3,43) ~k (Pa,q4)) = (((p3,q3) © (P1,q1)) ~k (P4, q4) © (P2, G2))),

((p1,q1) ~g (p2,02) 1 (p3,q3) ~g (P4,94)) = (((p3,43) © (P1,q1)) ~g ((Pa,q4) © (P2, G2))).

The set M (X,Y) = D(X,Y),~, will be called a k-morphism while the set M,(X,Y) = D(X,Y)
will be called a g-morphism. From Theorem 2.7 we get the following definition:

Definition 2.8. For any ¢, € My (X,Y) (¢, € M,(X,Y)) the set o(z) = q(p~'(x)) where p;, =
[(p, D]k (pg = [(p,q)]y) is called an image of the point z in the k-morphism ¢, (g — morphism ¢,)
where (p,q) € D(X,Y). -

Amap ¢ : X — Y is compact, if o(X) C Y is a compact set. Let (p,q) € D(X,X), where
p,q : Z — X. We say that p and ¢ have a coincidence point if there exists a point z € Z such that
p(z) = q(z). Let z € Z and let x = p(z). We observe that

(p(2) = 4(2)) & (z € a(p™" (2))). (2.3)

/g

Theorem 2.9. [4] Let X be a metrizable space. Consider a diagram:

X2 z 2 X,
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in which X € ANR, p is Vietoris and ¢ is compact. Then q. o p;!

A(g- o py ) # 0 implies that p and ¢ have a coincidence point.

Definition 2.10. Let X and Y be metrizable spaces. We say that a continuous map f : X — Y is
universal if for each continuous map g : X — Y f and g have a coincidence point.

Let R be a real number set and let [0, 1] C R be an interval. Let

is a Leray endomorphism and

[0,1]" = [0,1] x [0,1] x ... x [0,1] (n — th [0,1]).

Theorem 2.11. (see [8,9]) Let X be a connected metrizable space. If there exists a universal
map f: X — [0,1]" then dimX > n.

3 Abstract Morphisms

In this paragraph we assume that all spaces are Hausdorff topological spaces. With the help of
Theorem 2.7, we will introduce the notion of an abstract morphism.

Definition 3.1. Let (p1, 1), (p2, ¢2) € D(X,Y). The equivalency relation in the set D(X,Y) is called
a constructor of morphisms (it is denoted as ~,), if the following conditions are satisfied:

3.1.1 ((p1,@1) ~a (p2,92)) = (foreach = € X qi(py ' (z)) = q2(p3 " (2))),

312 ((p1,q1) ~a (p2,42)) = (@1« 0L, = g2« 03,

3.1.3 Let (ps, g3), (pa,q4) € D(Y,T). Then

((p1,q1) ~a (p2,q2) @and (ps, qz) ~a (pa,q4)) = (((p3,43) © (P1,q1)) ~a ((Pa,qa) © (P2, 42)))-

The condition (3.1.1) will be called an axiom of topological equality, the condition (3.1.2) - an axiom
of homological equality, and the condition (3.1.3) - an axiom of composition.

Theset M. (X,Y) = D(X,Y),~, willbe called a set an abstract morphisms (a-morphisms). Definition
3.1 (condition 3.1.1) leads to the following:

Definition 3.2. Let (p,q) € D(X,Y). For any ¢, € M,(X,Y) the set p(x) = q(p~'(x)) where
va = [(p, q)]a is called an image of the point z in the a-morphism ¢,. We denote by

p: X =, Y (3.1)
a multi-valued map determined by an a-morphism ¢, = [(p,q)]la € M.(X,Y) and will called an
abstract multi-valued map.

The mapping ¢ : X — Y is called strongly admissible (see [4]) if there exists a diagram (p,q) €
D(X,Y) such that for every z € X

a(p~' (2)) = p(2). (3.2)
Such a mapping can be represented by many a-morphisms. Let S™ denote a sphere in Euclidean
space R™"T1.
Example 3.3. Let ¢ : S™ — S™ be a strongly admissible mapping described as in the example (40.7)
([4], p. 202). Then there exist (p1,q1), (p2,q2) € D(S™,S™) such that for every z € S™

a1(p1 " (2)) = g2(p3 ' (x)) = (@), but qi. opy) # gox 0 pa...
Hence, and from Definition 3.1 (3.1.2) it results that
(p1,@1) #a (P2, q2)-

For single-valued mappings there is the following fact:
Proposition 3.4. Let f : X — Y be a continuous map and let f, € M,(X,Y) be an a-morphism
such that for each (p, q) € fa. q(p~*(z)) = f(x) for each = € X. Then q = f o p for each (p, q) € fa.
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Proof. Let (p,q) € f.. Then from the assumption we have for each 2 € X ¢(p~'(z)) = f(x), where
p:Z — X isaVietorismap and ¢ : Z — Y is a continuous map. Let z € Z. Then there exists a point
z1 € X such that z € p~!(z;). Hence we get

q(z) = f(z1) = f(p(2)),

and the proof is complete. O

Let TOP denote categories in which Hausdorff topological spaces are objects and continuous mappings
are category mappings. Let TOP, denote categories in which Hausdorff topological spaces are
objects and abstract multi-valued maps (see (3.1)) are category mappings. According to Definition
3.1 (8.1.3) the category of TOP, is well defined and TOP C TOP,. Let VECT¢ denote categories

in which linear graded vector spaces are objects and linear mappings of degree zero are category
mappings.

Theorem 3.5. The mapping H. : TOP, » VECT¢ given by the formula

H*(SO) = qx Op:lv

where ¢ is an abstract multi-valued map determined by ¢, = [(p, ¢)]a is a functor and the extension
of the functor of the Cech homology H.. : TOP — VECTg.

Proof. From the axiom of homological equality it results that the mapping H.. is well defined. From
Proposition 3.4 it results that if ¢ : X —, X is an identity then (p,p) € ¢, where p: Z — X is some
Vietoris mapping. Hence

I-AI;(QO) = DPx OP:I = Id..
Letp: X s Yandy : Y —, T and let (p1,q1) € ¢o and (p2,q2) € o. We have the following
commutative diagrams (see Definition 2.3):

z, —4 Y 2 7, H.(Z,) 2 H.(Y) 2 H.(Z)

Tld Tld Tld* de*

7 D 2 Dy 2o —2s 7, Ho(Z1) < H(Z) Dgrpy Z2) —L22 H.(2Z2),
that is

b2 Of2 =q1 Ofl and D2« Of2* = (1% Ofl*A
Hence
Pae © e = fau 0 f1..

We have:

H.(¢0p) = (g20 f2)x 0 (profi)a' = (g2)« 0 (f2) 0 (f1)s ") o (p1)s =

= (@)« 0 ((p2)s" 0 (@1)s) 0 (P17 = (@) © (P2) 1) o (@) © ()2 ") = H(v) 0 Ha ().
It shall be noticed that if f : X — Y is a continuous function (f € TOP), then from Proposition 3.4 it
results that if (p, q) € f. then ¢ = f o p. Hence what follows is

H.(f)=qeop:' =(fop)op.' = (feops)opi' = fuo(paop:l) = fo = H.(f)

and the proof is complete. O

From the point of view of Cech homologies, abstract multi-valued maps behave similarly to single-
valued mappings.
Let Xo C X, Yy C Y and let (p,q) € D(X,Y) such that ¢(p~*(Xo0)) C Yo. We shall denote by

p:p (Xo) = Xo B(2) = p(2), §:p " (Xo) = Yo q(2) = q(2) forall z € p~*(Xo). (3.3)
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We observe that from Definition 2.3:

(?,9) = (p,q) © (1d, ), (3.4)

where

Xo M Xy —L o x 2 gz 1,y

i : Xo — X is an inclusion given by formula i(x) = z for each = € X,. From the axiom of composition
(see Definition 3.1) and (3.4) we get the following fact:
Proposition 3.6. Let X, C X, Yo C Y and let (p1,q1), (p2,¢2) € D(X,Y) such that ¢1(p7 ' (Xo)) C
Yo and g2 (py ' (Xo)) C Yo. Then (p,,7,), (B, @s) € D(Xo,Yo) (see 3.3) and

(plaql) ~a (p23q2) = (phal) ~a (ﬁzﬁz)

We recall that the mapping ¢ : X — Y is acyclic if for every z € X the set ¢(x) is compact and
acyclic.

Remark 3.7. Each mapping strongly admissible (see (3.2)) in particular acyclic (see [4]) is determined
by a some a-morphism.

4 Fixed points of Abstract Morphisms

In this paragraph we assume that all spaces are metrizable. Let ¢ : X —, X be an abstract multi-
valued map determined by an a-morphism v, € M, (X, X). It shall be denoted as

H.(¢) = 1. (see Theorem 3.5)

and if the homomorphism . : H.(X) — H.(X) is a Leray endomorphism, then the generalized
Lefschetz number of ¥ will be denoted by the symbol
A(Y) = A(¢x).

Let Xo C X. Amap ¢ : (X, Xo) — (X, Xo) is an abstract multi-valued map if and only if the map
px : X — X given by
ox(x) = ¢(z) foreach z € X

is an abstract multi-valued map and ¢x (Xo) C Xo. Then from Proposition 3.6 the map ¢x, : Xo —o
Xo given by formula
Px,(z) = (x) foreach z € Xo

is an abstract multi-valued map. Let (p,q) € (px)a» p,q : Z — X. We shall denote by p :
(Z,p™ (X0)) = (X, Xo0) B(2) = p(2). @ = (Z,p" (X)) = (X, X0) §() = q(2) for all z € Z. We
€ ee (

observe that (p, q) € v, and (p,q) € (px,)a (see (3.3)). We have the following diagram:

H.(X,Xo) +2— H.(Z,p ' (X)) —— H.(X,Xo), (4.1)
where p. is an isomorphism (see [4]). Assume that
G.op. ' Ho(X, Xo) = H.(X, Xo) (4.2)
is a Leray endomorphism. For such a ¢, we define the Lefschetz number A(y) of ¢ by putting
Alp) = Ao, ). (4.3)

The Lefschetz number of ¢ (see (4.3)) mapping is well defined. It is the result of Proposition 3.6 and
the following well-known mathematical fact:
Proposition 4.1. (see [4]) Let X, C X be a nonempty set and let (p,q) € D(X, X) such that
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q(p™'(Xo)) C Xo. If any two of endomorphisms g. o p; ! : H.(X,Xo) — H.(X,Xo) (see (4.2)),
g opyt t Ho(X) — Hi(X), g, op," : Hi(Xo) — H.(Xo) (see (3.3)) are Leray endomorphisms,
then so is the third and

AGeopi ') =Ag-ops') = A@. 0P ).

From the axiom of homological equality, Proposition 4.1 and (4.3) we get the following fact:
Proposition 4.2. Let ¢ : (X, Xo) —. (X, Xo) be an abstract multi-valued map. If any two of
endomorphisms . : H.(X, Xo) — H.(X,Xo), (px)+ : Hi(X) = H.(X), (pxy)r + Hi(Xo) —
H.(Xo) are Leray endomorphisms, then so is the third and

Alp) = Alpx) — Alpxo)-

Let A C X be a nonempty setand let ¢ : X — Y be a map. We have amap ¢4 : A — Y given by
formula
pa(z) = p(z) foreach x € A. (4.4)

Let ¢ : X — X. The following mapping:

" =popo..op (nthe) (4.9)

will be denoted by the symbol ¢™ : X — X where n is a natural number. We recall the following
definition:

Definition 4.3. We say that an u.s.c. map ¢ : X — X is a compact absorbing contraction (we write
p € CAC(X)) if there exists an open set U C X such that the following conditions are satisfied:
4.3.1 py : U —o U is a compact map (see (4.4)) (pu(U) C U),

4.3.2 for each = € X there exists a natural number n(z) such that " (z) C U (see (4.5)).

From Proposition 42.2 (see [4], p. 209) we get the following result:

Proposition 4.4. If an abstract multi-valued map ¢x € CAC(X) then for every diagram (p,q) €
(¢x)a the homomorphism

0u=Gu 0Py Ho(X,U) = Ho(X,U) (see (4.2))

is weakly nilpotent.

Theorem 4.5. Let px : X —, X be an abstract multi-valued map and let X € ANR. Assume that
px € CAC(X) (see Definition 4.3). Then ¢x is a Leray endomorphism and if A(¢x) # 0 then ¢x
has a fixed point (there exists z € X such that z € px(z)).

Proof. We observe that ¢ : (X,U) — (X, U) given by formula
o(z) = px(x) foreach = € X

is an abstract multi-valued map. From the axiom of homological equality, (4.3), Proposition 4.4 and
Proposition 4.2, ¢.. is weakly nilpotent and

A(p) =0.

The abstract multi-valued map ¢ is compact (for each (', ¢’) € (pv)a ¢’ is compact) and U € ANR,
so is a Leray endomorphism. Hence and from Proposition 4.2, (¢ x )« is a Leray endomorphism and

Alpx) = Alpv). (4.6)

Assume that A(px) = A(g« o py') # 0 for some diagram (p,q) € (vx)a, Where p : Z — X is a
Vietoris map and ¢ : Z — X is continuous. Then from (4.6)

Alpv) = AT, op*‘l) # 0 (see (3.3), Proposition 3.6)
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and from Theorem 2.9 there exists a coincidence point z € p~!(U) C Z such that
p(z) =q(2).
Hence p(z) = ¢(z). From (2.3) for p(z) = € U C X we have
z € qp~ ' (z)) = px(x) (the axiom of topological equality))

and the proof is complete.

5 Other Examples of Abstract Morphisms

In this paragraph we assume that all spaces are metrizable. First, the following two facts should be
proven:
Proposition 5.1. Let (p1,q1), (p2,q2) € D(X,Y) and (ps, g3), (p1,q94) € D(Y,T). Assume that

(p,q) = (p3,q3) o (p1,q1) and (r,s) = (pa,qa) o (p2,q2)-

If the following diagrams:

X P1 Zl q1 Y Y p3 23 g3
lld lf lld J/Id J,g Jld
X P2 Zs q2 Y, v P4 Za q4 T

are commutative, that is

p2of=p1, gaof=q and psog=ps, qiog=gs,

where f and g are single-valued maps (not necessarily continuous) then there exists a single-valued
map h : Zy Nqyps Z3 — Z2 Ngop, Za (See Definition 2.3) such that the diagram:

X 2 ZiNgyps 3 —2— T
lld Jh Jld
X " ZoDNgppy Zs ——— T

is commutative.

Proof. We define a map
h: Z1 Aq1p3 Z3 — ZQ Aq2p4 Z4 (51)

given by formula
h(,?:l7 23) = (f(2:1),g(23)) for each (2517 25) € Z1 A%PB Z3.
The map h is well defined. Let (21, 23) € Z1 Ag, p; Z3. We have
q2(f(21)) = @1(21) = ps(z3) = pa(g(23)).

Hence (f(z1),9(z3)) € Z2 Agyps Za. We show that the diagram is commutative. Let (z1,23) €
Zy Mg, ps Zs then (see Definition 2.3)

r(h(z1,23)) = r(f(21),9(23)) = p2(f(21)) = p1(21) = p(21, 23),

s(h(z1,23)) = s(f(21),9(23)) = qa(g9(23)) = gs(23) = q(21, 23)
and the proof is complete. O
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Proposition 5.2. Let (p1,q1), (p2, ¢2) € D(X,Y). Assume that the following diagram:
X pP1 Zl q1 Y

oo b s

X P2 A 92 %

is commutative, that is
p2of=p1, g20f=q,
where f: Zy — Z, is a continuous map. Then the following conditions are satisfied:
5.2.1foreach z € X ¢1(p7 ' (z)) = q2(p3 ' (2)),
5.2.2 qux 0 Py, = gas 03

Proof. 5.2.1 Let x € X. We have
qi(pr (@) = (g0 )((p20 )7 (@) = @(f(f 7 (p2 ' () = @2(p2 ' (2)).

5.2.2 We observe that from the assumption the homomorphism f. is an isomorphism and

-1 _

qs 0P, = (@20 f)so(p2o )it = (qaeo fu)o(paeo fu) ' =
=(gzeofe)o(filopal) =aeeo (fuo fi')ops! = queops)

and the proof is complete. O

Of course many other abstract morphisms can be constructed, at least with regard to the kind of
mappings used in their definition. It shall be reminded that the mapping f : X — Y satisfies the
Lipschitz condition that if there exists a real number L > 0 such that for every =,y € X

dY(f(x)v f(y)) < Ldx (iL', y)?

where dx, dy are metrics in spaces X, Y respectively.
Example 5.3. Let (p1, ¢1), (p2,¢2) € D(X,Y).

(p1,q1) ~r (p2,q2)

if and only if there exist spaces 71, Z» and the mappings satisfying the Lipschitz condition g : Z; —
Zs, h: Zs — Z; such that the following diagrams:

X P1 Z1 q1 Y X P1 Z1 q1
lld J{g l]d Tld Th Tld
X P2 Z2 92 Y, X P2 Z2 92 Y,

are commutative, that is
p20g=p1, 209G =q1 and proh =p2, q1oh=qo.

It shall be noticed that (~r) is an equivalence relation in the set D(X,Y’) because the identity
map satisfies the Lipschitz condition (reflexivity) and the composition of two mappings satisfying the
Lipschitz condition also satisfies the Lipschitz condition (transitivity). The symmetry is a direct result
of the definition of the relation. It is easy to prove that (~) is the constructor of L-morphisms (see
Proposition 5.1 and Proposition 5.2)

or = [(p,9)] € ML(X,Y),
where (p,q) € D(X,Y).
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Example 5.4. Let (p1,q1), (p2,¢2) € D(X,Y).

(p1,q1) ~v (p2,q2)

if and only if there exist spaces Z1, Z» and the Vietoris mappings p : Z1 — Za, p’ : Za — Z1 such
that the following diagrams:

X P1 7 q1 v X P1 7 q1 v
lld JP lld Tld Tp/ Tzd
X P2 Zs q2 Y, X P2 Zs q2 Y,

are commutative, that is

p2op=pi, g2op=q1 and p1op/:p2’ Q Op/:qQ.

The justification that (~v') is an equivalence relation in the set D(X,Y") is similar to the justification
from Example 5.3. The relation is obviously the constructor of V-morphisms (see Proposition 5.1 and
Proposition 5.2)

ev = [(p,Q]v € Mv(X,Y),
where (p,q) € D(X,Y).
Metric spaces X and Y are isometric if there exists a surjection f : X — Y (isometry) such that

dy (f(z1), f(z2)) = dx (x1,z2), foreach z,z2 € X,

where dx, dy are metrics of spaces X and Y respectively.
Example 5.5. Let (p1, q1), (p2,¢2) € D(X,Y).

(P1,q1) ~1 (P2, q2)

if and only if there exist isometric spaces Z:, Z, and an isometry g : Z; — Z> such that the following
diagram:

X P1 Zl q1 Y

oo b

X P2 Zs q2 Y,

is commutative, that is

pP20g=p1, @209 =q1.
It is clear that the isometry is a homeomorphism and the mapping inverse to an isometry is also an
isometry. Hence we get:

piog ' =p2 qog ! =g, (5.2)
where g7 : Z» — Z; is an isometry inverse to g. From (5.2) results the symmetry of the relation.
Reflexivity and transitivity can be justified in a similar way to how it was done in the previous examples.
It is clear that the relation is the constructor of I-morphisms (see Proposition 5.1 and Proposition 5.2)

or = [(p,q)]r € M1(X,Y),

where (p,q) € D(X,Y).
It shall be noticed that for (p, q) € D(X,Y), we get the following:

[(p, 11 C [(p, D] C [(p; @]V and [(p,@)]r C [(p,P]r C [(p,9)]g-

Let [0,1] C R be an interval in the set of real numbers R. The following example will be given by the
end of this article now (see [4,2]):
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Example 5.6. Let f : [0,1] — [0, 1] be a map given by formula f(z) = 1 for each z € [0, 1]. We have
commutative diagrams:

0,1] +2L— Ty — s [0,1] 0,1] +—1— T — s [0,1]
[0,1] «2— [0,1] x [0,1] —2— 0, 1], [0,1] «+2— [0,1] x [0,1] —2— 0,1],

where
Iy ={(z,y) €0,1] x [0,1] : y = f(z)} = [0,1] x {1},

pr(x,1) = x, qp (2, 1) = 1, pi(e,y) =z, qu(z,y) = 1, h(z,1) = (2, 1) and g(z,y) = («, 1) for each
(z,y) € [0,1] x [0,1]. We observe that

(pfyar) ~rL (p1,q1)

(the mappings g and h satisfy the Lipschitz condition with the constant L = 1)
(pr,qr) =1 (p1,q1) (spaces [0,1] and [0,1] x [0, 1] are not isometric),

(py,a5) =v (p1,q1)
(there does not exist a Vietoris mapping [0, 1] — [0,1] x [0,1] (see Theorems 2.9, 2.11)).

Remark 5.7. Let (p1,q1), (p2,q2) € D(X,Y). The poorest relation of equivalence (the classes of
abstracts consist of a single element) that is the constructor of Id-morphisms (Id is an identity map)
is a relation defined in the following way:

(1, q1) ~1a (p2,42)) & (p2oId=p1 and gz 0 Id = q1).
It can be proven that the relation of equivalence given by the formula:
((p1,q1) ~a (p2,q2)) &

& ((foreach z € X qi(py ' (2)) = q2(p; '(x))) and (qi« o pr.' = g2« 0 ps.))

is the constructor of absolute morphisms (A-morphisms) and its classes of abstracts encompass all
diagrams that satisfy the axioms of topological and homological equivalence.

6 Conclusions

Abstract morphisms can be created according to where and how they are to be applied. They will
be used in many different fields such as: fixed point theory, differential inclusion, or theory of multi-
domination (see [10]).
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