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ABSTRACT

In this paper we combined the Laplace Transform with Adomian Decomposition Method
(ADM) and presented an approach for solving non linear coupled and non coupled
Schrédinger equation, with initial conditions. It is shown that the method does not need
linearization, weak nonlinearity assumptions or perturbation theory to obtain analytical
solutions.
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1. INTRODUCTION
Systems of partial differential equations attracted much attention in a variety of applied

sciences and the essential features of these systems are of wide applicability. These
systems were formally derived to describe wave propagation in the shallow water [1-5], and
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to examine the chemical reaction-diffusion model of Brusselator type [4-6] and the method
of characteristics. The Riemann invariants and Adomian method [6] are the commonly used
methods to obtain analytical solutions.

In this work, we extended Laplace Decomposition Method introduced by Khuri [7,8] modified
by Agadjanov [9] to study the Non Linear Schrédinger Equation. This technique basically
illustrates how the Laplace transform is used to approximate the solutions of the nonlinear
partial differential equations by modifying the decomposition method [10-13,14,15].

2. LAPLACE-ADOMIAN DECOMPOSITION METHOD

In this section, we present a Laplace—Adomian Decomposition Method (LADM) for solving
the partial differential equations written in an operator form, i.e.

Lu +Rl(u,v)+Nl(u,v):f1

leJrRz(u,v)+Nz(u,v)zf2 ()

with initial data

u(x,0)=g (x
v(x.0)=g,(x)
o , , . . ,
where, L = a is considered as a first-order partial  differential

operator, R, R,and N,, N,are linear and nonlinear operators, respectively, and f

and f, are source terms. The method consists of first applying the Laplace transform to both
side of equations in system (1) and then by using initial conditions (2), we have,

L, () LRy () LN, )= () -
Using the differentiation property of Laplace transform, we get

L)=8) 2L g () )]
P P P
1)=2 1)L g () 1, )]

p p p

The LADM defines the solutions u(x, f) and v(x, f) by the infinite series

u(x, t) = iun 5 v(x, t) = ivﬂ
n=0 n=0

®)

703



Physical Review & Research International, 3(4): 702-712, 2013

The nonlinear terms V,, N, are usually represented by the infinite series of the so-called
Adomian polynomials [16] i.e.

Nl(x,t):Z:;An ©)
b t)= iBn

n=0

The Adomian polynomials can be generated for all forms of nonlinearity. They are
determined by the following relations:

1 dn 1 dn S i
1 N> Ay s B N A,
A7 |:dln ( ; jj|/1—o ’ n!|:dﬂ," ( 2; Vlj:|/1=0

(7)
Substituting (5) and (6) into (4), gives
i 0 (85 o5
L[Zo:] p p {[ |:Zo Zo: o ;A"
(B o808 2
=0 p p n=0 =0 =0
(8)
Applying the linearity of the Laplace transform, we define the following recursive formula
L(uo)—gl(x)+L(f1)
p p
L(VO)_gQ x)+L(f2)
p p
(9)
—LI[(R () ]-L
L(w)= pL|:(R1( 0, 0))} pL[Ao]
R e T L
L(v)= pL[(RZ( )] pL[BO]
(10)
In general, for k = 1, the recursive relations are given by
1 1
L(u,,)=—L| R (u,v,)|-—L|A4,
() == LR (o)} 4] ”

L(Vlm ) = _%L[Rz (“k,Vk )J _%L[Bk]

Applying the inverse Laplace transform, we can evaluateu, and v, (k 2 0). In some cases
the exact solution in the closed form may also be obtained.
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3. APPLICATIONS

In this section, we use the LADM to solve non linear non coupled and coupled Schrédinger
equations.

3.1 Non-linear Schrédinger Equation

The Non-Linear Schrodinger (NLS) equation arises as the envelope of a dispersive wave
system which is almost monochromic and weakly nonlinear. The NLS equation has found
numerous applications in physics, e.g. in the theory of deep-water waves [17] as well as a
model for the non-linear pulse propagation in fibers [18]. The modulation of a wave packet in
the direction of wave propagation due to dispersive and weakly nonlinear effects is also
described by the nonlinear Schrodinger equation [19]. In homogeneous media, when the
nonlinear Schrodinger equation has constant coefficients, there are N-soliton solutions and
the equation is exactly integrable through the inverse scattering transform technique.

This paper is concerned with the Laplace transform algorithm and the Adomian
decomposition method to solve the NLS equation with a new approach.

We consider the NLS equation

iE, +E, +EE =0 (12)

Here E (x, t) is the slowly varying envelope of high-frequency field and initial conditions
E(x,0)=rsech(kx)e™

2 2 .
Where r~ =2k and q are arbitrary constants.
Taking the Laplace transform on both sides of Equation (12) and initial conditions and using
the differentiation property of Laplace transform we get

LGE,)+L(E_ )+ L([E|2E)= 0

)= rsec h(kx )™ L L(Em + |E|2E)
P p
The LADM defines the solutions series E(x, t)

E(x,t)zi E,

n=0

L(E

Applying inverse Laplace transform we get

E(x,t)=rsech(kc)e” +iL" [lL(EH +|E[ E)}
p
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i E,(x,t) = rsec h(kx)e” +iL" {1 L[Em + i B, (E)ﬂ
n=0 p n=0 (1 3)

In above Equation ZBn (E) is Adomian polynomials that represent nonlinear terms i.e.
n=0

Zw: B,(E)=E|E[

n=0

The few components of the Adomian polynomials are given as follow

E,. (xt)=L" BL(EM + i B, (E)ﬂ

n=0
Where n>0
o) =112+ £ 061
n=0
Where
2
o = aa)?) :r[(k2 —q2)sech(kx)—2k2 sech(kx)—2kqisech(]oc)tanh(kx)ez’qx]

E, =rsech(kx)e™
B,(E)=E,|E,|" =1 sech’ (kx)e™

Then
E (x,t)= rt[(k2 —q2)sech(kx)cos(kx)+2kqsech(loc)tanh(loc)sin(loc) +
14
i{(k2—q2)sech(kx)sin(kx)—2kqsech(kx)tanh(kx)cos(kx)}] i
and
E,(x,t)= L“{LL[EW + Zw: BI(E)H
p n=0 (15)
Where
E, = o €l BI(E): E0|E1|2 +E1|E0|2
ox

Then equation (15)
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2
E,(x,t)= r%[(k2 —q2)2 sech (kx)cos(gx)+4k’q*sech’ (kx)cos(gx)-
4k*q’ sec h(gx)tanh?® (kx)cos(gx)+
2kq(2k2q2sech(kx)tanh3(kx)sin(qx)-3k3sech3(kx)tanh(kx)sin(qx))]
2
+irH—(k2 —qz)2 sech (kx)sin(gx)+4k’q’ sech’ (kx)sin(gx)-
4k*q’ sec h(gx)tanh?® (kx)sin(gx)-2kq2k*q* sec h(kx)tanh’ (kx)cos(gx)

3
+3k’sech’ (kx)tanh(kx)cos(qx)}] + r%{2k2 (k2 - qz)sec h’ (kx)cos(gx)
3
+4qk*sec h* (kx)tanh (kx)sin (gx)} +ri%{2k2(k2 -q” )sech’ (kx)sin (gx)-
4qk3sech3(kx)tanh(kx)cos(qx)}

The other components of the decomposition series can also be determined in a similar way.
Substituting these values into equation (13); we can obtain the expression of E(x, t) which is
in a Taylor series, then the closed form solutions yield as follows

E(x,t)=rsech(kx —tw)expi(gx — ®t)

Where @ =2kq, @ =q" -k

The solitary wave solution or time evolution of the nonlinear equation up to the second
component E, (x,t) is given in Fig. 1. and the same is compared with the results obtained by
the variational method (Fig. 1a) [20].This result can be verified through substitution and it is
the same as the exact solution [16].

Fig. 1. Exact solitary wave solution of E,(x,t) with fixed value of k =1/2 for different
values of time
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Fig. 1a. Time evolution of the Nonlinear equation, Coefficient E; (x,t) by the variational
approach for k =1

3.2 Non-Linear Coupled Schrédinger Equation

At the classical level, a set of coupled nonlinear wave equations describes the interaction
between high-frequency (e.g. Langmuir waves) and low-frequency (e.g. ion-acoustic) waves
[21]. Since then, this system has been the subject of a large number of studies for both
physical and mathematical reasons. Physically, the wave-wave interaction or the wave
collisions are common phenomena in science and engineering for both solitary and non-
solitary waves. Mathematically solitary wave collision is a major branch of nonlinear wave
interaction in ionic media. An example of the model for wave-wave interaction is the coupled
1D nonlinear Schrédinger equation (CNLS), i.e.

iE,+E_—nE=0

M =1 _QEF)XX =0 (16)

Where E is the envelope of the high-frequency electric field, n is the plasma density
measured from its equilibrium value and initial condition

E(x,O) = rsech(qx)eikx
r2 2
n(x,0)=s —7sech (gx)
7, (x,0)= 2qu3 sech? (gx)tanh (gx)

Where, r? =2q2, k, s are arbitrary constants. Performing Laplace—Adomian decomposition of
equation (16) then, by using the differentiation property of Laplace transform and initial
conditions gives

E(x.f) = E(x,0) +iL" EL(EH —nE)}

n(x.1) =7 (x,0)+m, (x,0)+L" FL(% +{lef"). )}

p

708



Physical Review & Research International, 3(4): 702-712, 2013
The LADM defines the solutions series E(x t) 77(x,t) as

ZEn’nxt Znn

En+1 =Ll|: 12 L(Enxx _iAn (U’E)]:|
p n=0
=L +> B, (
nn+l |:p (ﬂnxx ; j:|

S A,(1.E)=nE Y B,(E)= £
n=0

n=0

).

Where is Adomian polynomials that represent nonlinear terms.
The few components of the Adomian polynomials are given as follow

A0(77,E)=770E0 , BO(E)=(1E|2)OH Z(EOET)XX
A,(7,E)=n,E, +1,E, BI(E):(EOE)XX +(E1E_‘0)xx

Then

E, = rsec h(gx)cos(kx) + ir sec h(gx)cos(kx)
n,=s—q”>sech’(qx)+ 4tkq’ sec h*(gx)tanh (gx)
E, = L {%L(onx -4, (ﬂ,E))}
P
= rt {(qz —k? —s)sech(qx)cos(k)c)—q3 sech’ (gx)cos(kx)+ 2kq sech(qx)tanh(qx)sin(kx)}
+irt { (q2 —k? —s)sech(qx)sin(kx)— g’ sech’ (gx)sin (kx)—2kg sech(gx)tanh (gx)cos(kx) }

2
+ ?4kq3r sech’ (qx)tanh (qx)cos (kx)+ i%4kq3r sec h’ (qx)tanh (qx)cos(kx)

m =L EL("‘”‘ +B, (E))}

3922 h? 1— tanh?
:%{(3q2r2tanhz(qx)sechz(qx)_, q°r"sec (qx)( an (qx))]

2

B (16q risech?® (qx)(l —tanh’ (qx))tanh(qx) 8¢°r” sech® (gx) tanh’ (qx)]
3 2 2
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E,(x,t)=-iL" BL (E.. — 4, (n,E))}

=rt {(q2 —k? —s)sech(qx)cos(kx)—q3 sech’ (gx)cos (kx)+ 2kq sech(qx)tanh(qx)sin(kx)}
+ irt{ (qz —k? —S)sech(qx)sin(kx)— g’ sech’ (gx)sin (kx)—2kq sec h(gx)tanh (qx)cos(kx)}
+%4kq3r sech’ (qx)tanh(qx)cos(kx)+i{§4kq3r sech’ (gx)tanh (gx)cos (kx)+
+ 4821 sec h” (gx ) tanh (gx) (4~ 9 tanh” (gx)) (1 -3 tanh? ()|

—288ik’t* sec h’ (kx)tanh (kx)(l —3tanh? (kx))2 -

2k
3

1'[2161(3 sech’ (qx)tanh3 (qx) —24ksech’ (kx)tanh (kx)}

7, =1L U—L (70 + B, (E))}

2
= %(3q2r2 tanh® (gx)sech’ (gx) -

3g°r*sech? (qx)(l — tanh’ (qx))]
2

£ [16q3r2 sech’ (qx)(l — tanh’? (qx))tanh (gx) 8qg°rsech’ (gx)tanh’ (gx) ]
3 2 2

—6g% sechd (gx){g% sech3(gx)(1208 —1191cosh(2¢x) +120cosh(4¢x)
—cosh(6gx))+ 24(icosh(gx)+ 2¢gsinh(gx))}

The other components of the decomposition series can also be determined in a similar way,
substituting these values into equation (17); we can obtain the expression of E(x, t) and

n(x,t) which is in a Taylor series, then the closed form solutions yield as follows
E(x,1) = rsech(gx + et )expli(kx + Q)]
n(x,t)=s—r*sech’(qx + wt)

Where @ = —2kq ; Q=—s+q2 —k*

This result can be verified through substitution. It is just the same as the exact solution [22].
Thus, we obtain the solutions of the CNLS (16), which are dark and bright solitary wave
solutions. The solitary wave solution or time evolution of the nonlinear equation up to the
second component E, (x,t) is given in Fig. 2. The results are compared with the solution
(Fig. 2a) derived by the variational approach for the same equation [20].
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Fig. 2. Exact solitary wave solution of E,(x,t) with fixed value of k =1/2 for different
values of time

Fig. 2a. Time evolution of the Nonlinear equation by the variational approach for k =1

CONCLUSIONS

In this paper, Laplace-Adomian Decomposition Method was employed successfully for
solving nonlinear coupled and non coupled Schrodinger equation. Using this method the
problem may be solved without any discretization of variables, therefore, it is not affected by
computation round off errors and one does not face the necessity of using large computer
memory and time. This method provides a solution of the problem in a closed form while the
mesh point techniques only provide the approximation at mesh points. This method is also
useful for finding an accurate approximation of the exact solution.
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