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Abstract

In this paper, a two microorganisms and two nutrient chemostat competitive model with time
delay and impulsive effect is considered. Besides, a polluted environment and an inhibitor
were considered in this model. By using the theorem of the impulsive differential equations
and delay differential equations, we obtain the sufficient conditions for the global attractivity of
the microorganisms extinction periodic solution and the permanence of the system. Finally, the
numerical simulations are presented for verifying the theoretical conclusions.
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1 Introduction

Chemostat is a laboratory apparatus used to continuously cultivate microorganisms, and it is similar
to a simplified model of the natural ecological environment. Chemostat culture is one of the most
common of continuous cultivation. With the deeper research and more consideration of the chemostat
culture, the chemostat plays a very important role in commercial microbial production, waste water
treatment, bio-pharmaceutical, food processing and the other fields.

Due to the industrial pollution, agriculture pesticide and the other factors in nowadays, the survival
environment of microbial population is polluted by toxic substances. We must estimate the degree
of population damage by toxic substances for the purpose of using and dominating toxic substances
reasonably. Therefore, it is very important to research the influence of the process of microbial culture
polluted by toxic substances. It is very useful to find the theoretical threshold that can determine the
persistent and extinction of the microorganisms. In consideration of the existence of this problem,
articles [1-3] studied the mathematical model of microbial culture in polluted environment, they obtain
the permanence for system and the existence and stability of the periodic solutions of microbial
extinction.

The exploration and research of the dual nutrient chemostat model have been studied in articles
[4-8]. The author distinguished two kinds of important double nutrient medium: complementary type
and alternative type in article [4]. Complementary nutrient medium refers to the different kinds of
necessary nutrient medium independently when microbial growth. Such as, carbon and nitrogen are
two complementary nutrient medium for bacteria growth. Silica and phosphorus are two complementary
nutrient medium for algae growth. The research of complementary dual nutrient medium chemostat
model have been studied in articles [4-7]. Alternative nutrient medium refers to the same kinds of
essential nutrient medium can substitute for each other when microbial growth. It depends on each
other for the growth of microorganisms. Such as, two kinds of carbon resource can be substituted.
Two kinds of phosphorus resource can be substituted. The research of alternative dual nutrient
medium chemostat model have been studied in articles [8].

The authors in articles [9-11] discussed the chemostat model with inhibitor, and concluded some
related results.

Microorganism intake of nutrient can not immediately translate into microorganism when the
environment is changing. In other words, it is a time-lag process from intake nutrient to translate
into microorganism. Therefore, it is more practical that delay and impulse input hazardous substance
are considered in mathematical model research. When we want to control one kind of microbial
growth, we can bring in inhibitor. In this paper, based on the articles [1] and [2], we build a model with
complementary dual nutrient medium:

du(t) yiz(t)u(t) Yoy (t)u(t)
et = _Du(t) — FUpael. _ rapBuin,
du(t) _ —Du(t) — yaz(Hv(t) _  yay(B)v(t)
B Alfaeto) ~ BRI,
=t = exp(—=D71 — up(t — 71))W
+ exp(—D11 — up(t — Tl»%m
(D4 raelt) + razy(®)a() 7t
it = exp(=Dry) BYIERETE 4 exp(—Dry) WIS -y
—(D + rac(t) + ro1z(t))y(t)
de(t
Au(t) = auo, Av(t) = ave, Ax(t)=0, |, _
Ay(t) =0 Ac(t) = aco, Ap(t) =apo. J'="TEN

where u(t), v(t) represent the concentration of limiting substrate at time ¢, respectively; z(t),y(t) re-
present the concentration of microorganisms in chemostat at time ¢, respectively; c(t), p(t) represent
the concentration of the toxicant and the inhibitor at time ¢, respectively; auo, vy denote the input
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capacity of two nutrient medium in each pulse of the T"moment; aco, apo denote the input capacity
of the toxicant and the inhibitor in each pulse of the T"moment; D(0 < D < 1) is the dilution rate;
Y1,72,73,74 are the predation constants of microorganisms; 1,52 denote the substrate depletion
rate, T' = 3 is the period of the pulsing; 1, 72 are the depletion rate coefficients of the microorganisms
population due to pollutant concentration, respectively; ri2, 721 are the competition coefficients of the
microorganisms; 71, 72 denote the delayed time of nutrient solution to the microbial transformation,
respectively; e 7#?(Y) denotes the inhibitor on the degree of inhibition of z(t); u > 0.

Considering the actual biological significance, we assume that the solutions of system (1.1)
satisfying the initial conditions:

(¢1(3)»¢2 S),¢3(S),(]§4(8), (755(3)7 (756(3)) el = C([_Tv O]vRi)v(z)i(O) >0, (1 2)
(i=1,2,3,4,5,6). '

2 Preliminary Results

Definition2.1 If tlim z(t) = 0, then z(t) of system (1.1) is said to be extinction.
—00
Definition2.2'? The system (1.1) is uniformly persistent existence if there exist constants M >
m > 0 such that for every positive solution (u(t), v(t), z(¢),y(t), c(t), p(t)) of (1.1) with initial condition
(1.2) satisfies m < u(t),v(t), z(¢t),y(t), c(t), p(t) < M for all large ¢.
Lemma2.1!'! Considering the following delay differential equation

dz(t)
dt

=r1z(t — 7) — raz(t),

where r1, 2, T are positive numbers; z(t) > 0, t € [-7,0] . We have
(i) If r1 < 7o, then tlim z(t) =0; (i) If r1 > ro, then tlim z(t) = +0 .
— 00 — 00
For convenience, we give out the basic properties of the system:

i) — _Du(t), t#nT,né€N,
Au = auo, t=nT,n €N, (2.1)
w(0T) = w10 > 0.
Lemma 2.2['4) System (2.1) has a positive periodic solution %(t), and for every solution u(t) of
(2.1) which satisfies u(0") = w10 > 0, we have |u(t) — u(t)| — 0 as t — oo, besides

(il) If w10 < s, then w(t) < a(t),
where () = 24022 DORD) 1 € (0T, (n+1)T),n € N,U(0") = 240 5

Lemma 2.3 Let X (¢) = (u(t),v(t), z(t), y(¢), c(t), p(t)) be any solution of system (1.1) with initial
condition (1.2), then there exist constant A/ > 0 and sufficient small ¢ > 0, such that u(t), v(t) < M,

z(t), y(t) < Mand 0 < ms < c(t) < Ma, 0 <ma < p(t) < Ma, wheremg = S2=PED0 — o)

Ms = ;205 e, ma = % —&, Mi= %5 +cforallt large enough.

Proof Let X(t) = (u(t),v(t),z(t),y(t),c(t),p(t)) be any solution of system (1.1) with initial
condition (1.2). Define a function W (t) = §1u(t) + d2v(t) + exp(D11)z(t + 71) + exp(D72)y(t + 72).
Then we calculate the right derivative of W (¢) along with the trajectory of system (1.1),

D*W(t) = —DW(t) — (1 — exp(—pup(t)))( LD 4 rax(in(t
— exp(Dn)[rlc(t =+ ’7'1) =+ T’lgy(t =+ 7’1)]1‘(t -+ T1)
—exp(D72)[rac(t + m2) + ra1z(t + 72)]y(t + 72)
—DW (t).

IN
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By the impulsive differential inequality, we have

W(t) :W(O+)exp( Dt)+a(51uo+52vo)exp( D(t—nT)) +a(51u0+52v0)exp( Dt)

(s IR o)) Sy oy e DT
U V) ex D(t-T a u vp) ex
< W(0+)6XP( Dt) + : 0+12 e(zjx)p(g’g") =T 4 oty g;c;(zD%)) 1]p< :

a(81up+d2v0) exp(DT)
exp(DT)—1

— =M, ast— oo,

forallt € (nT,(n+1)T], n € N.
From the definition of W (¢), we know that there exist constant A/ > 0 which make any solution
X(t) of (1.1) have w(t), v(t), =(t), y(t) < M for sufficient Iarge t.
From Lemma 2.2 it follows that &(t) = 22eeCDPURD) "y (o7 (n + 1)T], where ¢(0) =

l—exp(—DT) =
aco f i i~ i
T 57y IS @ positive periodic solution for system

delt) — _ De(t ), t#nT,n€N,

dt
Ac:aco, t=nT,n €N, (2.2)
c(0) = c10 > 0,

which is global asymptotically stable. p(t) = *20=LELCorT) ¢ € (nT, (n + 1)T], where p(0) =

@po i iti i i i
T—eun (D7) 1S @ positive periodic solution for system

dd(tt =—-Dp(t), t#nT,n€N,
Ap_O(p(h t:nT,nG N7 (23)
p(0%) =p1o >0,

which is global asymptotically stable. Then

aco exp(— DT) - aco
_ < —m —————— t >0
1—exp(—=DT) — s = 1—exp(—DT)" = 7
apo exp(— DT) apo
—_ < ———— t>0.
1—exp(—=DT) — < plt) 1—exp(—-DT)" "~ 0

From Lemma 2.2, suppose c(t), p(t) are solution of system (2.2), (2.3)respectively, we have

acoexp(—DT) aco
0 =— L <) L —m8 ——— = M.
S =T exp(—DT) esclt) s 1 —exp(—DT) te »
apo exp(—DT) apo
0 = — <Pt < —m8 ¥ ———— = M.
ST =TT exp(—DT) esplt) < 1 —exp(—DT) te b

for arbitrary € > 0 sufficiently small and ¢ sufficiently large. We completed the proof.

2.1 Global attractivity

Microbial population’s extinction in chemostat means microorganism disappeared from the chemostat
completely, that is tlim z(t) = 0, tlim y(t) = 0. From Lemma 2.3 and the third and the fourth
— 00 — 00

equations of system (1.1), we can yield

da:i(tt) < (1 +s) exp(—Drm)a(t — 1) — (D + rims)z(t),
ZE: ) < (72 +7a) exp(=D7a)y(t — 72) — (D + rams)y(t),

acp exp(—DT)

where mg = T—exp(—DT)

— . Obviously, if

—DT acoe —DT

1—ePT"

_Dr acoe -
(1 +3)e D1<D—|—T11_0677DT7 (v2 +va)e P72 D4y
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Then
(m+ Ws)S_DTl <D+mrmz—e, (y2+ ’Y4)€_DT2 <D+ ram3z —¢,

for arbitrary € > 0 sufficiently small.
According to Lemma 2.1, we know thm z(t) = 0, hm y(t) = 0, which means microbial

population become extinct finally. No matter how much nutrlent input, the number of microorganisms
cultivated from the chemostat cannot compensate the outflow and killed by toxic substances. Thus,
we assume

—-DT —DT
acpe QcCoe

(V1+VS)6_DT1>D+T1W, (72 +7a)e DT2>D+T2W~

From Lemma 2.2, system (1.1) has a microorganism-free periodic solution (u(t), v(¢), 0, 0, ¢(¢), p(t)),
t € (nT, (n+1)T]. Next, we will give the sufficient condition about global attractivity of the microorganism-
free periodic solution.

Theorem 3.1 Let (u(t),v(t), z(¢),y(t), c(t), p(t)) be any solution of system (1.1). If

aup < min{ 7—1[D(1 — e PT 4 racoe™PT ) exp(D11 + *‘fOTDTT) — 3{?2; oo, (3.1)
i—l[D(l — e PTY 4 roacoe™ PT)ePm2) — jv;:; avp}. '
or
DT
ave < min{ %[ (1—e ")+ riacoe™ PT] exp(Dry + B2 ) — 3;2? auo, (3.2)
E[p(1 - P |

DT] DTZ) _ ko

Yak1 auo}

T
) 4 r2acoe e

Then the microorganism-free periodic solution (u(t),v(t),0,0,¢(t),p(t)) of system (1.1) is global
attractive.
Proof Let (u(t),v(t),z(t),y(t),c(t),p(t)) be any solution of system (1.1) with initial condition
(1.2). From known condmon( .1) or (3.2), we conclude
Frauo + 2ave < [D(1 - e PTY + riacoe P exp(Dm + %:DDTT)), (3.3)
Fauo + frave < [D(1— e PTY 4 roacoe™PT)eP2).

We can choose a sufficient small positive constant e such that

W28 ) + B (2 2) < [D+ 71 (322BEDT )
exp[Dri + p(SReeBEDD) o)), (3.4)

B(22r +6) + B (=27 +¢) < [D+ 1o (522200 — &) exp(Dr).

Therefore,
(D + w2y =) [ (2 + ) + 2 (=27 +)]
exXplLUT1 M l—exp(—DT) € k1 \1—e— DT ko \1—e— DT
< D+rl(w —e), (3.5)

aug Y4 avgl_exp(_DT> acg exp(—DT)
eXp(DTQ)[ (1 o—DT +<€) +E(176_DT +E)] <D+T2(m—€).

From system (1.1), we have u'(t) < —Du(t), v'(t) < —Du(t) . Then we consider the comparison
system
s _ _
@:—DD?;} t#nT,n €N,

AS = aup, AR = avg t=nT,neN

(3.6)

From lemma 2.2, we obtain the periodic solution of system (3.6) ie. S(t) = @i(t) = “*o=2ELART)

R(t) =o(t) = % t € (nT,(n+1)T],n € N. which is global attractive. In other words,
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Suppose (S(t), R(t)) is a solution of system (3.6) with initial condition S(0") = auo, R(07) = awo.
there exists n1 € N, such that

u(t) < S(t) < S(t) +¢, v(t) < R(t) < R(t)+e, t>nT,

for arbitrary € > 0.
According to Lemma 2.3, we obtain that
aug

ﬁ+€é’r], ’U(t)<é(t)<

1 +e=mn. (37)

u(t) < S(t) +e <

From the third and the fourth equations of system (1.1), it follows that
420 —  exp(~Dr — pp(t — 7)) [ 4 o)y )
—(D +ric(t) + ri2y(t))z(t),

B = exp(— D)2 4 2oy (t — 1) — (D 4 rac(t) + a1 (t))y(t).

And then combine with (3.5), it follows that

dz(t)

at nn + M)x(t = 71) — (D + rims)z(t),

k1 ko

< exp(—D71 — pma)(

fort > niT + 71, and

dy(t
W) < exp(-Dr) (B0 1 B0y 4 73) — (D 4 rama)y(),
dt k1 ko
fort > niT + 2, where n, n1, ms, m4 are defined before.
Consider the following comparison equations
0 = exp(— D — pma) (R + B0z (¢ — 11) — (D + rims) 2 (t)
4200 = exp(—Dra)(2 + L) z5(t — 72) — (D + r2m3) 25 (1)

From Lemma 2.1 and (3.5), it is easy to known that tlim z1 =0, tlim z2 =0.
— 00 — 00

If s € [—71,0], then z(s) = z1(s) > 0; if r € [—72,0], then y(r) = 2z2(r) > 0. Thus on the basis of
comparison theorem of differential equation and solution’s nonnegativity, we have z(¢) — 0, y(t) — 0
ast — oo.

Because variable u, v, z and y are not appear in the third or the fourth equation of system (1.1),
from Lemma 2.2, we have c(t) — &(t), p(t) — B(t) as t — oo, where &(t) = 2«0ZLEDOwI) 5(1) —
aro e DU ¢ € (nT, (n+ 1)T). We have completed the proof.

Corollary 3.1 Assume that

aco > max{ %(Z—iauo + Favo) exp(DT — D11 — % - g(exp(DT) -1)),

%(Z—?auo + F2avo) exp(DT — D12) — %(exp(DT) - 1)},

then the microorganism-free periodic solution (u(t),v(¢),0,0,¢(¢),p(t)) of system (1.1) is global
attractive.
Corollary 3.2 Assume that

1 3

> Ly B @voF g, A0 __ _papg exp(=DT)

1 D D(1—exp(=DT))+7r1acq exp(—DT) D(1—exp(—DT))>
%au0+z—gav0

T2 > % In D(1—exp(—DT))+roacy exp(—DT)’
then the microorganism-free periodic solution (u(t),v(t),0,0,¢(t),p(t)) of system (1.1) is global
attractive.
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3 Persistent

Note that

i (aug+avg)y11 exp(—=D71 —pMy)
R = min{ 33y MT )
(k+Al)(D+r1A13+r12I\/[)[exp(DT«km) 1]
(cvug+avg)y2z exp(=D72) }
b

(k+1\/[)(D+7‘2]Mg+r21IVI)[exp(DTﬁ»%)fl]
where ~11 = min{yl,%} Yoo = min{y2,va}, k= max{k1,k2},
51’;1312 - maX{ 51k1’ 5;22} 5;%@4 - maX{5 k1’ 5’Y;i

Theorem 4.1 If ® > 1, then system (1. 1) is per3|stent

Proof Let (u(t),v(t),z(t),y(t),c(t),p(t)) be any solution of system (1.1) with initial condition
(1.2).

Firstly, from the proof procedure of Lemma 2.3, it follows that there exist constant M > 0 and ¢
large enough, such that u(t), v(t), x(t), y(t) < M and m3 < c(t) < Ms,ma < p(t) < My for any
solution (u(t), v(t), z(t), y(t), c(t), p(t)) of system (1.1).

Secondly, we will prove u(t), v(t) have positive lower bound.

From the first and the second equations of system (1.1), we have

du Mu Mu
{ o) 5 py(t) - WML _ veMu()

) Mot THOR
dvu(t y3Mv(t)  yaMo(t
a = —Du(t) - Sak2 Soka "

Consider the following impulsive comparison system

ds __ M M
G ),

G = —(D+ 35 + 35,)RO) (4.1)
AS(t) = aug, AR(t) = awo, t=nT.
The positive periodic solution of (4.1) is
5(1) = aug exp(—(D+ P40+ 3200) (t—nT))
1—exp(— (D+511,fi+512,§f)cr) ’
T IBVAR
PPt e A i (T, (n+ )T
1—exp(—(D+ 33+ 34)T)

Using the comparison theorem, there exist sufficient small positive numbers 1, 2 such that

= aug exp(—(D + F= + 20T A

u(t) > S(t) > S(t) —er > M e S,
1—exp(—(D+ H T 25 )T)
~ avo exp(—(D + e 4 2aMyp) A
o(t) > R(t) > R(t) —e2 > AT e = ma
1—exp(—(D+ 2 T i, )T)
From mentioned above, if ¢ is large enough, then w(t) > m1,v(t) > mo.
Next, we will prove z(t), y(t) have positive lower bound.
Note that the third and the fourth equations of system (1.1) can be rewritten as
B0 = (1 4 kzzjﬁlt))exp(—(%ﬁ - up(fe))— (D +ric(t) +ri2y(t))]2(t)
_ eXp(*DTl)a ft_ﬁ ( k’lfu(g) + Jgjfv(e) )z(0) exp(—up(0))do, (4.2)
G = UGEG) + By exe(-Dr) = (Dot raclt) £ raa(t)ly(0)
d u v
_ eXP(*DD)E ft—TQ(k’Iiu(ﬂ) + 1:24+v(9) )y(@)d&,

Define

V(t) = o)+ exp(-Dm) [ (0 20 (0) exp—pt6) a6,
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Va(t) = o)+ expl(=Dm) [ (220 )0

We calculate the derivative of Vi (t), V2(t) along the solutions of system (1.1).

(R0 1 2350 exp(— Dy — up(t)) — (D + rae(t) + ray()e ()

xp(—D71 —puM. u
> (D +rMs+ TlQM)[QDIJ)r(Tl M3l+7“ll21\%f) (k711+7£2) + 1:23‘;)53)) B 1]12(t),

[
(

D20 = (2240 + 2480) exp(=Dr2) — (D + rac(t) + rara(t))]y(t)
(

—To

k1+u(t) ka+v(t)

> (D o+ r2Ms + o M) B 2 (22550 + ) — u().

D+rgMs+ra1 M ko—+v(t)
Since ! > 1, we can conclude

auo + avo)y11 exp(—D7m — pMy)
(k+ M)(D + r1 M3z + r12M)

+1)—-D- % p>o,

1
—1
T n( 021k21

1 (quo + avo)y22 exp(—D12) +1)-D- M3 s o

—1
T n((k+M)(D+T2M3+T21M) d12k12
So we can get
S12k12 1. (cquo + avo)yi1 exp(—D11 — pMy) Yoa M
—In +1)—D — M] >0,
Y13 [T ( (k+M)(D+T1M3 —|—7‘12M) ) 621k21 ]
021k21 1 (aug + awo)y22 exp(—DT2) Y13
—In +1)—D — M] > 0.
Vo4 [T ((k+M)(D+7"2M3+7“21M) ) 012k12 }
Therefore, we have m, > 0, m, > 0 such that
O12k12 . 1 (auo +4 CM'U())"/H eXp(fDTl — ,LLM4) '724M
0<mg < —In +1)— D — ——M],
Y13 [T ( (k+ M)(D +riMsz +r12M) ) d21k21 }

d21ko1 1 (auo + avp)y22 exp(—D72) Y13
Vo4 [Tln((k+M)(D+7’2M3+7"21M) +1)-D S12kia”

We assert that, there exist m. > 0, m, > 0 such that z(t) > m.,y(t) > m, for all large ¢t. Then
we will prove it in two steps.

Step1 We prove that there exist t1 > 0,¢2 > 0, such that z(t1) > ma,y(t2) > m,. Otherwise,
there will be three cases:

(i) There exists ¢t > 0, such that y(t2) > m,, and for all ¢ > 0, z(t) < m, is valid;

(i There exists t1 > 0, such that ©(¢1) > m4, and for all ¢t > 0, y(t) < my is valid;

(iiiyFor all t > 0, z(t) < ma,y(t) < my is valid.

For case (i),

0<my <

t
dv Mg
> (D + B+ (),

du My
{ L0 > (D + e 4 20y (1),
Z - doko

According to the comparison theorem of impulsive differential equations, there exists a 7: > 0
and we can choose sufficient small positive numbers €3, €4 such that

M
~ &ugeXp(—(D—‘—i—gl’]:I—‘—gzk )T) A
u(t) 2 () s > D o2,

d1ky Slk}w (44)

avg exp(*(DJr’z;B;Z;Jrg;kz )T) A

€4 =173
Y3mg | YaM I
1—exp(—(D+1372 3ma,+74)T>

l—exp(—(D+

v(t) > Ry(t) — 4 >

forall ¢t > T1 + 71, where

o M
o exp(—(D+ P 222 (1))

51 t) = M
®) 1—exp(—(D+ e +}1\124k1 )T)
7 v exp(—(D+ R 4+ 347 (t—nT))
1(t) - 1— (7(D+"13m£+’v41¥1 )T)
exp Soka T Soky

’

t € (nT, (n+ 1)T).

)
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Then we have

dvi(t) exp(—Dm — pMy) , mime Y313
> (D M M — (), t>T. (45
AR LS sy yasrawy v S murny vl murey v O A A O) 1 (45)
Because of
d12k12 1. (cuo + avo)y11 exp(=D71 — uMy) Yaa M
- [In( +1)—-D - ]
Y1z T (k+ M)(D +r1Ms +ri2M) d21k21
n Y11 aug+avg D+ry Ma+riaM next
we ca get F+M en (Dt }113:;; T 6’;214k1\2/11 YT—1) exp(—D71—pMy)’
Y1 aug + Y3 avg D+ryMz+rioM
F1HM oxp(D+ Pz +325)T) -1 Rt M oxp((D+ Bz + 347 T) -1 T exp(=Dmi—udMa)”
Thus, there exist sufficient small positive numbers e3, 4 such that
exp(—D71 — pMs)  1im2 WMy (4.6)
D+riMs+rioM ki +M  ko+ M
Letz] = min  x(¢). We assert that for all t > T1, x(¢) > 7 is valid. Otherwise, there exists

te[T1,Th+71]
a nonnegative constant Ty, such that x(t) > zi,2(Th + 71 + T2) = =, '(Th + 71 + T2) < 0 for all
t € [Th,Th + =1 + Tz]. By the third equation of system (1.1) and (4.6), we can get

:c/(Tl +7m+T2) >exp(—Dmn — ,uM4)('ym2xT + 737’396{)

T Dry My (4.7)
= (D +r1Ms + 1o M)[SRERDopM) (ana 4 dsms ) )7 >

that is the contradiction. Thus, we have z(¢) > x7 > 0 for any ¢ > T1. From (4.5) and (4.7), we have

Vi (t)
dt

exp(—D71 — uMy)
D +riMs 4 r12M

(- BBy xS0, ¢ T

> (D+riMs+riaM)| v ey v
1 2

This means, Vi(t) — 400 as t — oo, that is a contradiction with the boundedness of Vi(t) <
M1+ (F + #2)M7 exp(—D71 — pma)]. Therefore, z(t) < m, can not be true for all ¢ > 0.

In the same way, we can prove the case (ii).

Next for case (iii).

du x My
{ 2 > —(D+ R 4+ (),

dv(t - - = My
) > (D + Zme 4 Moy (4,

According to the comparison theorem of impulsive differential equations, there exists a 75 > 0 and
we can choose sufficient small positive numbers e5, e such that

~ aug exp(—(D+ XLz 4 T2y ypy A
u(t) > Sa(t) —es > LT L — &5 = N4,
e Sk, (4.8)
~ avg exp(—(D+BEE + 52 T) N :
t) > Ra(t) — e 272 272 — €6 =
v(t) > Ra(t) 6 > l—exp(—(D-Q»’:f;k;-k‘gtk;)T) 6 = 15,

for all t > T3 + 71, where

S(t) = acug exp(—(D+ FRE 4+ ) (t—nT))
- M

T—exp(—(D+HL7E +gjk1 )T)
avg exp(—(D+ ETe+ }‘;k; Y(t—nT))

Nama | YA M
1—exp(—(D+-g 2 +352)T)

)

te (nT,(n+1)T].

Ro(t) =

I

Then we have

dvi(t)
dt

exp(—D7i — uMy)

Y174 Y315
— 1)x(t), t > T1. 4.9
D+T1M3+T12M( + ) ].T( )’ > 1 ( )

ki+M  ke+M

> (D +r1Ms +riaM)[
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From the known conditions, we have

Y1 aug - 4 s avg - > D+rqyMg+rioM

Y1 Mz 2 Y3 mg AT — — .
k1+M exp((D+ 611k1 +e ) T) -1 ka+M exp((D+§QTz+ o) T)—1 exp(—D71—pMyg)

Therefore, there exists sufficient small positive numbers e5, £ such that

exp(=D71 — pMa) , y1ma Y315
> 1. 4.10
D+riMs+rioM k1 +M k2+M) ( )
Thus
dVvi(t) exp(—D71 — pMs) , i Yans
> (D M- M — 1|z(t t>T;.
a2 PAnMs M) e e Y )~ e > 0, > T

Similar to the previous discussion, Vi (¢t) — 400 as t — oo, that is contradiction.

Step2 On the one hand, if for all large ¢, x(¢) > m. is valid, then the purpose achieved. On
the other hand, =(t) is oscillating on m.. Let m* = min{ "=, m, exp(—(D + 71 M3 + r12M)71)}. We
assert z(t) > m* for all ¢ large enough.

First, there exist two positive numbers ¢, w such that z(t) = z(t + w) = m, and z(t) < mg,t <
t<t+w.

Because z(t) is continuous, uniformly bounded and not affected by impulse, we obtain that z(¢)
is uniformly continuous. Therefore, there exists constant g(where 0 < 8 < 71, B is not dependent on
the choice of ¢) for all < ¢ < ¢ + 3, such that z(¢) > Z=.

If w < 3, then conclusion is valid.

For 8 < w < 71, by the third equation of system (1.1), we have z’(t) > —(D +r1 M5 + r1aM)x(t)
fort < t <t +w. Because z(t) = ma, x(t) > my exp(—(D + 71 Mz + r12M)7) is valid for ¢ < t <
t+w < t+7. Obviously, if t < t < t +w then z(t) > m*.

Forw > 1, ift <t < t+ 7 then z(t) > m*. The same discussion to above, we can get the
conclusion z(t) > m* fort <t <t + w.

Because interval [t, ¢ + w] is arbitrary(only 7 is large enough), we obtain x(t) > m* for all large ¢.
From the above discussion we obtain that the choose of m* is not dependent on the positive solution
of system (1.1). So z(t) has the lower bound m™.

Evidenced by the same way, y(t) > m**, where m** = min{ =%, my exp(—(D+r2Ms+ra1M)72)}.
The proof of Theorem 4.1 is complete.

Corollary 4.1 System (1.1) is permanent, if one of the following conditions is satisfied
(k+M)(D+r1 Ms+r12M)[exp(DT+ }g%f)fu

11 exp(—D71 —pMy) ’
(k+M)(D+roMs+ro1 M)[exp(DT+

(i) cup + ave > max{
y13MT

)—1]

S12k12 }
( Y22 exp(—DT2) ’
it 1 augtovp)yil
i) < =(In — My
(i) 5 (k+M)(D+ry Ms+r19M)[exp(DT+ }gﬁf)—u pMa),
1 (aug+ave) v
To < =In —
D (k+]\/[)(D+r2]M3+r21]\/I)[exp(DT-k%)—1]’
. 1 (aug4avg)yi11 exp(—D11 —puMy)+(k+M)(D+ri Ms+ri12M)
(iif) T < min{ — EPYLL In (kT 20) (Dt Mz +r128) )
21k21
1 In (aug+avg)yze exp(—=D7a)+(k+M)(D+ro M3 +121 M) }
Dy M (k+ M) (D+r3 M3 +r21 M) :
12F12

4 Numerical Simulation

1. Setting T' = 2,up = 1,v0 = 1,c0 = 1,po = 1,D = 0.2, = 1,71 = 0.3,72 = 0.2,v3 = 0.14,v4 =
0.11,]61 = 0.2,k2 = 0.3,51 = 1,52 = 1,# = 0.2,T1 = O.l,T’Q = 0.1,7”12 = 0.1,7”21 = 0.1,’7'1 = 1,’7’2 =
1 so that the conditions of theorem 3.1 hold. Choose initial value (0.01,0.01,0.01,0.01,0.01,0.01),
then we can see that the microorganism-free periodic solution (u(t),v(t),0,0, ¢(t), p(t)) of system
(1.1) is global attractive(see Fig. 1).
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2. Setting T = 0.049,u0 = 1,v0 = 1,¢c0 = 1,po = 1,D = 7.4,aa = 1,71 = 0.3,72 = 0.2,y3 =
0.14,’)/4 = 011,]61 = 02, ]CQ = 0.3,51 = 1,52 = 1,[.1, = 0.2,7‘1 = 0.1,7"2 == 0.1,7”12 = 0.1,7"21 =
0.1,71 = 0.00000002, 2 = 0.00000002 so that the conditions of theorem 4.1 hold. Choose initial
value (0.1,0.1,1,1,0.01,0.01), then we can see that the system (1.1) is permanent(see Fig. 2).
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Figure 1: (1)-(6): The time series plot of u(t), v(t), =(t), y(t), c(t), p(t), the
microorganism-free periodic solution is global attractive.
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Fig 2. (7)-(12): The time series plot of u(t), v(t), x(t), y(t), c(t), p(t), system (1.1) is
permanent.
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5 Conclusion

In this paper, a two microorganisms and two nutrient chemostat competitive model with time delay
and impulsive effect is considered. Besides, a polluted environment and an inhibitor was considered
in this chemostat competitive model. By using the theorem of the impulsive equations and the
theory of delay differential equations, we obtain some conclusions: (1) If the parameters satisfy the
condition (3.1) or (3.2), then the system (1.1) will have microorganisms extinction periodic solution
(u(t),(t),0,0,¢(t),p(t)), and which is global attractive. (2) If the parameters satisfy the condition
* > 1, then the system (1.1) will be persistent.

The results of numerical simulation show that if the capacity of the microorganism uptake the
nutrient is strengthened, the the capacity of the microorganism uptake the toxicant is weakened and
the releasing amount of toxicant is lessened, the releasing period is elongated, the microorganism will
persistent exist. So, we can protect the ecological balance via improve the habitus of microorganism
and process bioconversion to toxicant.
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