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Abstract

In recent years, there have been intensive efforts to establish linearised oscillation results for one-
dimensional delay, neutral delay and advanced impulsive differential equations. An impressive
number of these efforts have yielded fruitful results in many analytical and applied areas. This is
particularly obvious in the areas of applied disciplines such as the linear delay impulsive differential
equations. However, there still remains a lot more to be explored in this direction, especially,
in the area of non-linear autonomous differential equations. In this paper, we are proposing the
development of linearised oscillation techniques for some general non-linear autonomous impulsive
differential equations with several delays.
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1 Introduction and Statement of the Problem

Presently, a linearised oscillation theory from which the investigation of the oscillatory behaviour of
the solutions of certain class of non-linear impulsive differential equations can be reduced to that of
the associated linear impulsive differential equations is being intensively investigated and developed.
Precisely, the benefits of such research efforts are already being harnessed in one-dimensional non-
linear impulsive differential equations with single variable and constant delays ([1]).

In this paper, we are proposing the establishment of linearised oscillation techniques for some
general type of non-linear autonomous delay impulsive differential equations defined below.
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Notation 1.1. LetJ = (o, 8) C R, —o0 < a < 8 < oo denote the domain of investigation.

Definition 1.1. Let S := {tx},., C J be a strictly ascending sequence of the time moments of
impulse effects and let E be a subscript set which can be the set of natural numbers N or the set of
integers Z such that

o tp >ooifk > occandif E=Zthent, - —c0if k = —o0;
o 1, >0ifk>0.

Our equation then has the form

{x’ O+ ftat—71),, x(t—71m))=0, teJ\S; 1.1)

Az (ty) +g e, 2t —71) -+, x(ty —Tm)) =0t € S,

where 7, > 0, 1 <1 < m, are constants. This means that the functions f and g are non-linear and
depend, among others, on several constant delays.

In order to simplify the statements of the assertions, we introduce the set of functions PC' and
PC™ which are defined as follows: Let D := [T, T) C J C R and let the set of impulse points S be
fixed.

Definition 1.2. Let
PC(D,R):={¢|¢:D— R, o€ C(D\S), p(t—0),p(t+0), Vi € D}.

From the studies in Bainov and Simeonov (1998), Lakshmikantham et al. (1989) and Isaac et al.
(2011) ([11, [4], [2]) we define the function space V r € IN:

3
Definition 1.3. PC" (D, R) := {¢ | ¢ € PC (D, R), C;Tf € PC(D,R),¥Y1<j<nr}

To specify the points of discontinuity of functions belonging to PC or PC", we shall sometimes
use the symbols PC(D, R; S) and PC"(D, R;S),r € N.
For easy reference in the study, we introduce the following conditions:

feC[JxR™ R],geC[SxR™, R], andVte J\ S, Vit €S,
Ca1 ¢ f(t,ur, - yum) >0, g(te,ut,  ,um) >0 if u; >0, 1<i<m;
Ftut, o um) <0, g(tk,ut, - um) <0 if u; <0, 1<i<m.

There exist T, > to and § > 0, such thatvt € J\ S, t > T, andVk € N, i, € S, t, > T),

f(tut, - yum) and g (tg,u1, - ,um) areincreasinginui, -, um
in the sense thatif 0 < u, <, <48, 1<i<m, then

C.1.2 ’ ’ " "
f(taulv"'aum)g f taulv"'yum) and

g(tkvullavu;n>gg tkaull/v“'vu;:z,)'

Fltur, - sum) > D> pi () wi > 05 g (tk,ut, -, um) > D pio X ui >0
i=1 i=1

for0 <wui, -+, um <4 and

C.1.3 ! i .

f(t7u137um)gzp7«(t)ul<0a g(tk,u1,~~~,um)SZpiOXu¢<0
i=1 i=1

for0 > wuy, -+, um > —0.
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or
lim M =1 and
(U1, um) =0 =
u71><u1j>0,u1§i,j§m > pe(t) X uq
C.1.4 9=1
lim glte,ur, o um) _
(w1, tm )—0 m )
w; Xu;>0, 1<4,j<m Z Pq,0 X Uq
q=1
where p1, ps, ---, pm € PG [[to, o0), R"] and p1,0, p2,0, ---, pm,o € R*. Similar to the stability

theory of differential and difference equations ([3], [4], [5]), we shall prove that, with appropriate
hypotheses, the oscillatory behaviour of the non-linear autonomous delay impulsive differential equation
(1.1) is characterized by the oscillatory behaviour of the associated linear differential equation

v () + 3P (y(t—m)=0, teJ\S
= (1.2)
Ay (te)+ > pioxy e —7) =0, tx €S,
=1

where p; (t), t > to and p; o are as defined in conditions C.1.3 and C.1.4.
Recall that in a one-dimensional set up, a non-trivial solution y(¢) of a delay impulsive differential
equation is said to be oscillatory if it is possible to choose T' > ¢, such that for ¢ > T, y(¢) is neither

finally positive nor finally negative, where y(t) is

(i) finally positive if there exists T' > 0 such that y(¢) is defined for ¢ > T"and y(¢) > 0 fort > T;

(ii) finally negative if there exists T' > 0 such that y(¢) is defined for ¢t > T"and y(¢) < 0 for ¢t > T ([1],
[4], [2])-

All functional inequalities proposed are assumed to hold finally, that is, for all sufficiently large t.

2 Main Results

In this section, we shall state and prove the related oscillatory theorems, but will first establish some
fundamental lemmas.

Lemma 2.1. Suppose thatm > 1 and let condition C.1.1 hold. Then every non-oscillatory solution of
equation (1.1) tends to zero as t — cc.

Proof. Let z(t) be a non-oscillatory solution of equation (1.1). We assume that z(t) is finally positive.
The case where z(¢) is finally negative is similar and will be omitted. Then finally,

{x/ W)=—ftzt—"1), -, a(t—7m)) <0, t &8 21

Am(tk =—g(tk, CL‘(tk—T1),~~~ s Cc(tk—Tm))SO, Vi, € S.

Choose T' > to such that z (¢t — ;) > 0 fort > T and 1 < ¢ < m. From equation (2.1), itis clear
that z(t) is decreasing for ¢ > T and so

L= limx(t)

t— o0

exists and L > 0.
To complete the proof, we must show that L = 0. For the sake of contradiction, let us assume
that L > 0. Then integrating both sides of equation (1.1) from ¢, to oo, we obtain
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= > gltmr(ti—m), @ (b —Tm)

to<tp<oo

which implies lim z (t) = —oo since M + M, < 0, where
t—o0

M:/f(s,:c(sfn)fu ,x (s —7Tm))ds

and
Mo = Z gtz (e —71), o (te — Tm)) -
to <t <oo
This is a contradiction and hence L = 0. This completes the proof of Lemma 2.1. O

Lemma 2.2. Let conditions C.1.1 and C.1.2 be fulfilled. Assume that fort > T, the inequality

{m’ O+ ftat—11), -, at—7m) <0, t &S

2.2

has a finally positive solution z (t) with z (t) < é. Then equation (1.1) has a finally positive solution
x (t) with z (t) < z (t) fort sufficiently large.

Proof. We begin by using assumption C.1.2 and the condition of the lemma (z (t) < 4§, T, <t € J)
that there is a T}, such thatfor 7, <7, <t € J,0< z(t—m) < dand1l < i < m, where T ,is
defined by

T_1=to—max{rm, 72, -+, Tm}- (2.3)

It then follows that
z (t) is strictly decreasing for ¢ > T_;. (2.4)

Consequently, tlim z(t) = L € [0, o) exists. We integrate both sides of inequality (2.2) from ¢
to co and obtain

o]

L+/f(5,a_c(5—71),~~~ ,Z(s—Tm))ds +

t

+ Z (thZ(th —71) 5+, @ (b — Tm)) < E(L), t > T (2.5)

Now, we define the set of functions
0 ={pePC[[T-1, 00)\ S, [0, 00)] : 0 < pu(t) <& (t)fort > T 1}

and define operator H on 6 as

oo

(Hp) () :L+/Fs p)ds + Z (tr, p) for ¢ > T 4, (2.6)

t<tp <oco
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where
F(s,u)=f(s, u(s=m1), -+, pu(s—7m)), Vs € [T_1,00) \ S and
G (te,p) =g (e, p(te —7m1), s (te — Tm)), Vtx € S.

Clearly, (Hp) € PC[T-1, o)\ S, [0, c0)]. In view of C.1.2, u1, pe € 6 with u1 < po implies
that Hus < Hpus. Note also that from the inequality (2.5), Hz < z. Hence, p € 6 implies that
Hu < Hz <z and so, we see that H : ¢ — 6. Next, we define the following sequence in 0:

ro=zandz, = Hr,_1forn=1, 2, ---.

It is clear, by induction, that

0< 2, (t) <xnoa (t) <Z(t), t>T1. (2.7
Set
z(t) = anooxn (t), t>T_1. (2.8)
Then, by the continuity of the functions f, g, we see that for ¢, t, > T_1,
nILmOCf(t, Tn(t—T1), o, t—Tm))=f & 2t —T1), -, T(t—Tm))
7L|Lmoog (tky Tn (b —T1), -+ Tn (e —Tm)) =g (tk, (e —71), -+, (tk — Tm)),
Vk € IN.

Also, observe that fort > T4,

fEzt—7), -, z@t—mm)<f& zE—T1), -, T({t—Tm))
and
g(tk, x(tk—n)7 ey, l‘(tk—Tm))Sg(tk, i‘(tk—’ﬁ), Tty J_L'(tk—Tm)),
Vk € N
what is more,
f('7 if('_7—1)7 Tty i('_Tm))ELl[T*h 00)7
{9y, Z(tx —71), -+, T(tk — Tm)) }ren € l1.

Therefore, it follows from Lebesgue’s convergence theorem that xz(t) satisfies

m(t):L+/F(s, z)ds + > G(ty, x) for t>1T, (2.9)
t t<ty <oco
where
F(87 x):f(s, I(S_Tl)v T x(s—Tm)) and,Vs € [T*hoo)\s;
G(tk7 I) :g(tk, 1’(tk —7'1), ,:L‘(tk —Tm))vtk € S.

From equation (2.9), it is clear that z(t) € PC[[T-1, o], R] and piecewise continuously differentiable
on [T-1, oo). Now, we claim that z(t) is positive in [T, co) for sufficiently large T > T",. In fact, if
T_1 <t < T, by condition (2.4) and the definition of =, (), it is discovered that

0<Z(t) —2(T) < an (t)

which implies that
0<z(t)—z(T)<=z(t).
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Next, we show that z(¢) is also positive in [T, co). First assume that L > 0. Then from equation
(2.9), it is obvious that z(¢) > 0. Now, assume that L = 0. Lett = inf {¢ > T : = (¢t) > 0}. We claim
that £ = oco. Otherwise £ € [T, oc). Hence z(t) > 0for 7, <t < tand z (£) = 0. But from condition
C.1.1 and equation (2.9), we see that

:r(f):/f(s,x(sfn),--- ,x (s —Tm))ds +

+ Z tk, tk,,rl) ,:r(tkam))>0

i<ty <oo

and this contradicts our hypothesis and hence establishes our claim. Now, by differentiating both
sides of equation (2.9), we obtain

{rc O+ ftat—m),, z{t—7m) <0, t¢S
Az (ty) +g(tr, (ty —71) -+, o (tk —Tm)) <0, Vix € S

which implies that z(t) is a positive solution of equation (2.9). Finally, from conditions (2.7) and (2.8),
we see that z (t) < z (¢). This completes the proof of Lemma 2.2. O

Lemma 2.3. Let us consider the linear autonomous delay differential equations

fj A=) =0,t¢ 8

Az(tk + Z a;,0% tk — )\i) =0, Vixr € S
i=1

(2.10)

and

Jer wt—o0;)=0,t¢ S
@2.11)
Aw tk +sz‘,0w tk—O'i):O, Vi ES,

i=1

where, foreach1 < i < m,

a;, b; € PC[[to, C)O)7 [0, OO)], and/\i, Ti, 05,0, b@o S [0, OO);
lim |t*/\7;|:<307 lim ‘t70'7;|:00
t— o0 t— o0

Assume that for each 1 < i < m, the functions a; and b; have the same set of zeros &; with
multiplicities and
a,-,(t)
lim

1€

Then every solution of equation (2.10) oscillates if and only if every solution of equation (2.11)
oscillates.

=1.

Theorem 2.1. Assume that conditions C.1.1 to C.1.4 are satisfied and suppose that every solution of
the linearised equation (1.2) is oscillatory. Then every solution of equation (1.1) also oscillates.

Proof. Let us assume, for the sake of contradiction, that equation (1.1) has a non-oscillating solution
z(t). We assume that z(t) is finally positive. The case where z(t) is finally negative is similar and
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will be omitted. By Lemma 2.1, we know that lim = (¢) = 0. Suppose first, that condition C.1.3 is
t—o0
satisfied. Then it follows from here and equation (1.1) that

2 () + ipi(t)x(t ) <0,t¢S

Aa:(tk) + Zpi,0$(tk — Tz‘) <0, Vt, € S.
=1
By Lemma 2.2 (bearing in mind that f (¢, w1, -+, um) = p1 (¢) ur+- - +pm (¢) um and g (tg, ui, -+, Um)
p1,0u1 + -+ + Pm,oum, We See that equation (1.2) has a finally positive solution. This contradicts our
initial hypothesis and therefore completes the proof of Theorem 2.1 when condition C.1.3 is fulfilled.
Now, let us assume that condition C'.1.4 is satisfied. Set

f(t7m(t—7'1),---,w(t—7'm)) .
pr®)zE—7T1)+ A+ Dm @)zt —Tm)’

Pi(t) = pi (1)

g(tk’v x(tkal)v "'7m(tk77—m))

P (tr) = i, .
(t) = 0p1,ofE(tk*7'1)+~~~+pm,ofv(tk*Tm)

Then by the hypothesis, P; (t) > 0, the functions p; and P; have the same set of zeros ¢&; with the
same multiplicities and
pi(t) _
(t—o0 Pl(t) -
t#E&;

Observe that z(¢) is a non-oscillatory solution of the equation

2 () + ZmlPi(t)x(t —r)= tdS

Al‘(tk) + Z Pi,om(tk — T»;) =0, Vi, € S.

i=1

Then, it follows, by Lemma 2.3, that equation (1.2) has a non-oscillatory solution. This contradicts the

hypothesis and thus completes the proof of Theorem 2.1. O
Theorem 2.2. Letus assume that there exist an arbitrary positive constant§, the functionsp1, --- , pm €
PC [[to, ©0), [0, 00)] @andpi,0, -+, Pm,o € RT such that either
0< f (taula e au’m) S Zp’b(t)u’ba 0< g(tk7ul7 e 7um) S Zpi,()ui
i=1 =1 (21 2)
and fand g are increasing inwui, -+ ,um forui, -« um <9
or .
0> f (tvuh U 7um) > Zp7(t)u77 0> g(tkzuh e 7um) > Zpi,Oui
i=1 i=1 (2.13)
and f and g are increasing inui, -+ ,Upm forui, -+ ,um > —0.

Assume again, that equation (1.2) has a non-oscillatory solution. Then equation (1.1) also has a
non-oscillatory solution.

Proof. We assume that condition (2.12) is satisfied. The proof when condition (2.13) holds is similar
and will be omitted. As the negative solution of equation (1.2) is also a solution, we may assume
that equation (1.2) has a finally positive solution z (¢t). Choose T' > to such that z (¢t — ;) > 0 for
t >T,1 < i< m. Then from equation (1.2), we see that = (¢) is decreasing for ¢ > T and so z (t) is
bounded. Therefore, for M sufficiently large,

x(t) = z(t) <dfort < Ty, (2.14)
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where T_; is defined by (2.3). Clearly, z(t) is also a positive solution of equation (1.2) for ¢t > T_;.
From equation (1.2) and condition (2.12), it follows that

{x’ O+ fat—m), -, a(t—mm) <0, t>T, ¢t ¢S (2.15)

Az (te) +g (e, (tk —71) -+, @ (tk —Tm)) <0, Vi € S.

Then by Lemma 2.2, equation (1.1) has a finally positive solution and the proof of Theorem 2.2 is
complete. 0

Theorem 2.3. Let all the conditions of Theorem 2.2 be fulfilled. Also, let
7: >0, pi >0, pio>0andp; +pio>0,1<i<m. (2.16)

If all solutions of equation (1.1) are oscillatory, then all the solutions of the linearised equation (1.2)
are also oscillatory.

Proof. Let us assume that condition (2.12) is satisfied. The case when condition (2.13) holds is
similar and is omitted. Let us assume on the contrary, that equation (1.2) has a finally positive
solution y(¢). Itis clear that

limy(t)=0

t—o0

and hence there exists ¢ty > 0 such that
0<y(t)y<dforal ¢t >T_,.

Assuming that y(¢) is the initial function for T_; < t < to, equation (1.1) has a solution z(¢) which
exists at least in some right neighbourhood of the point ¢.
Notice that so long as z(t) exists and 0 < z (t) < ¢, we discover that

d ) =—f(tat—7), -, a(t—Tm)) > — f;

)z (t — 1)
Az (tk) = —g (tk, (tk —71) -+, @ (tk — Tm)) szofﬂ te — i) ,
and thus, in view of Lemma 2.2
y(t) < (1)
It follows from equation (1.1) that in as much as z(t) exists and remains positive, it is strictly decreasing.
Therefore the inequalities
0<yt) <z(t)<o

hold for all ¢t < tg.
This last statement contradicts the assumption that each solution of equation (1.1) is oscillatory
and this completes the proof of Theorem 2.3. O

Observe that Theorem 2.3 is a partial converse of Theorem 2.1. By combining both theorems we
obtain the following linearised oscillation result.

Corollary 2.1.

Corollary 2.1. Assume that conditions C.1.4, (2.12), (2.13) and (2.16) hold. Then every solution of
equation (1.1) oscillates if and only if every solution of its linearised equation (1.2) oscillates.
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3 Summary

The object of investigation in the present paper is the oscillation theory for some general non-linear
autonomous impulsive differential equations with several delays in the form of equation (1.1). We
developed a linearised oscillation theory which is similar to the so-called linearised stability theory of
differential and difference equations.

Roughly speaking, we proved that certain non-linear delay impulsive differential equations have
the same oscillatory character as the associated linear equations.

Sufficient conditions for the oscillation and non-oscillation of the said non-linear delay impulsive
differential equation (1.2) in terms of the oscillation of the solution linear equation are established and
vice versa.

From these results, one can obtain a new linearised oscillation results without the restriction that
the p;0’s and p;’s in conditions C.1.3 and C'.1.4 are all positive constants and functions respectively.
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